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Outline of Talk
´Knowledge-Driven Models
´Open-Loop & Closed-Loop Estimation
´Optimal On-Line Estimation – Kalman Filter
´The Math – A Very Brief Summary
´Design Rules – Simple Logic
´Performance Through Examples
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Knowledge-Driven Models
´ Instead of “Fundamental” or “First-Principles” Models

´Assumptions on Inner Workings of Process
´Material & Energy Balances

´Momentum Balances, if Needed 

´Experimental Data
´Fitting Model to Data

´Minimize Sum of Squares: min
!!

∑"#$
% 𝑦"& − 𝑦"'

(

´Estimate Parameters:  𝑝) = ⋯

´Finished?
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Not Really! 
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MUST Also Consider 
´ARE Parameters Significant?

´𝑝! = 1.2 ± 0.2 NOT 𝑝! = 1.2 ± 2.2

´Has Model Represented ALL Data?
´Minimum SS ≅Normal Variability

´Minimum SS = 𝑆𝑆!"#
´Normal Variability = 𝑆𝑆$"

´Lack-of-Fit: 𝑆𝑆!"# ≅ 𝑆𝑆$" Is it OK ?
´ IF NOT: Revise Model
´ IF YES: Calculate Covariance Matrix: 𝐶$
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Estimation: Open-Loop
´Use Model and Process Inputs
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Process

Model

𝒖(𝑡)

𝒖(𝑡)

𝒚(𝑡)

'𝒚(𝑡)

'𝒙(𝑡)

Linear Model:   %𝒙
%'
= 𝑨𝒙 + 𝑩𝒖; 𝒚 = 𝑪𝒙

NL Model:   %𝒙
%'
= 𝒇 𝒙, 𝒖, 𝑡 ; 𝒚 = 𝒉(𝒙)

𝒙 ∈ 𝑹(, 𝒚 ∈ 𝑹),  𝑚 < 𝑛

Is 
𝒚 𝑡 = 8𝒚(𝑡)

???
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Estimation: Closed-Loop
´Use Model and Process Inputs  & OUTPUTS
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Select 𝑲 so that   8𝒚 𝑡 ⟶ 𝒚 𝑡 & 8𝒙(𝑡) ⟶ 𝒙 𝑡

Process

Model

𝒖(𝑡)

𝒖(𝑡)

𝒚(𝑡)

'𝒚(𝑡)

'𝒙(𝑡)
+

-

K(t)
𝒆(𝑡)
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Design Questions: 𝑸(𝑡), 𝑷(0) & 𝑹
´ They Are 𝑛×𝑛, 𝑛×𝑛 & 𝑚×𝑚, Matrices

´ n 𝑥" 𝑡 States   --- m 𝑦# 𝑡 Outputs

´ Many Authors Think them as Tuning Parameters
´ If n=10, m=3 è 209 parameters

´ If n=50, m=10 è5100 parameters

´ ... Impossible and Unnecessary Task

´ There is only ONE Uncertainty
´ Relative Accuracy of Model vs. Measurements

´ Relative Aggressiveness in Correcting Model 

´ Call it 𝜓 . .Needs Tuning 
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Kalman Filter Math
´ Process: 𝒙̇ = 𝒇 𝒙, 𝒖, 𝒑 + 𝒘(𝑡); 𝒚 = 𝒉(𝒙) + 𝝊(𝑡,)

´ 𝒙 0 ~ $𝒙%, 𝑷% , 𝒘(𝑡&)~ 𝟎, 𝑸& ,    𝝊(𝑡&)~ 𝟎, 𝑹&
´ Model Parameters:

´ 𝑷%: Uncertainty, How Close is $𝒙% to Real 𝒙(0)
´ IF in Doubt:  Use Larger 𝑷! = 𝑑𝑖𝑎𝑔 𝑝"",!, 𝑝$$,!, … , 𝑝%%,!

´ 𝑸&: Uncertainty on Model’s Accuracy  -- Will Calculate
´ 𝑹&: Accuracy of Measurements  -- We Know 

´ Propagation 𝑡, è 𝑡,-$. (Before Measurement Update)
´ $𝒙 𝑡&' = $𝒙 𝑡&( + ∫)!"#

)! 𝑓($𝒙, 𝒖, 𝒑)𝑑𝜏 ; $𝒚 𝑡& = 𝒉 $𝒙(𝑡&')

´ Model Update
´ $𝒙 𝑡&( = $𝒙 𝑡&' + 𝜓𝑲 𝒚 𝑡& − $𝒚 𝑡& ...		Usually 𝜓=1

´But  𝑲 = ? ? ?
´𝑲 = 𝟎 ...	IF Model is ... Perfect
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Uncertainty Propagation & 𝑲 =

´𝑷 𝑡*+ = 𝑷 𝑡*+,- + ∫'!"#
'! 𝑨𝑷 + 𝑷𝑨. +𝑸 𝑑𝜏

´𝑨 𝑡 = ⁄𝜕𝒇 𝜕𝒙 𝑪 𝑡 = ⁄𝜕𝒉 𝜕𝒙

´𝑷 𝑡*- = 𝑷 𝑡*+ + δ𝑷 𝑡*+

´δ𝑷 𝑡,- =Reduction in Uncertainty =𝑔(P, C, K)
´Due to Measurements 

´Then
´𝑲 = 𝑷(𝑡,-)𝑪. 𝑪𝑷(𝑡,-)𝑪. +𝑹 -/

´Balancing Model 𝑷(𝑡&') vs. Measurements 𝑹

´Optimal Solution for Linear Systems

´WE Are DONE !!!
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The Calculation of 𝑸!
´ Model with Parameters 8̇𝒙 = 𝒇 8𝒙, 𝒖, 𝑝̂

´ Estimated from Data: 𝑝̂ and 𝑪$ (Covariance)

´ Let   𝑱(𝑡) = ⁄𝜕𝒇 𝒙, 𝒖, 8𝒑 𝜕8𝒑
´ Then: 

´ Ready TO Estimate 8𝒙(𝑡) from Measurement 𝒚(𝑡,)
´ IF System IS Observable
´ For Linear Systems:   rank 𝐶* 𝐶*𝐴* . . |𝐶* 𝐴* +', =n  
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𝑸 t = 𝐽!(𝑡)𝑪"𝐽(𝑡)

Valappil & Georgakis (2000) AIChE J. 46, p. 292



© Christos. Georgakis

Is my System Observable? 
´Example 1: Small Reaction System

´4 Species with 2 Reactions 
´Measure T(t) and Estimate 4 Compositions

´Can it Be Done? 

´YES IF Both Reactions Affect Energy Balance

´Example 2: Large Reaction System
´14 Species with 5 Reactions 
´Measure T(t) and Estimate 14 Compositions

´Can it Be Done? 
´ In Principle YES ... IF ALL Rxs Affect Energy Balance
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è We are asking TOO Much
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Batch Reactor - Example
´ Two Reactions (H&R: Haseltine & Rawlings 2005)

´ 𝐴 ⇄ 𝐵 + 𝐶 𝑟, = 𝑘,𝐴 − 𝑘-𝐵𝐶 -- 𝑘$ = 0.5 𝑘% = 0.05

´ 2𝐵 ⇄ 𝐶 𝑟-= 𝑘.𝐵- − 𝑘/𝐶 -- 𝑘. = 0.2 𝑘/ = 0.01

´ Model: (𝑥/ = 𝐴, 𝑥5= 𝐵, 𝑥6= 𝐶)
´ ⁄𝑑𝑥, 𝑑𝑡 = −𝑟,; ⁄𝑑𝑥. 𝑑𝑡 = 𝑟, − 𝑟-;    ⁄𝑑𝑥. 𝑑𝑡 = 𝑟, + 𝑟-
´ Measurement: y = 𝑝) 𝑦 = 𝛼(𝑥, + 𝑥- + 𝑥.)

´ Process Starts at t=0: 𝑥/, 𝑥5, 𝑥6 = 0.5, 0.05, 0.0
´ H&R Start EKF at:

´ L𝑥,, L𝑥-, L𝑥. = 0, 0, 4 !!! & 𝑃% = 𝑑𝑖𝑎𝑔 0.5-, 0.5-, 0.5-

´ 7𝑥$ = 0 ± 1.01 but 𝑥$ = 0.5 è OK
´ 7𝑥% = 0 ± 1.01 but 𝑥% = 0.05 è OK
´ 7𝑥& = 4 ± 1.01 but 𝑥$ = 0 è NOT OK
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Filte
r Fails !

!!



© Christos. Georgakis

EKF Fails: *𝐶(∞) ≠ 𝐶(∞)
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• Haseltine & Rawlings (2005): Ind. & Eng. Chem. Res. 44, p. 2451
• Schneider & Georgakis (2013): “How To NOT Make the Extended Kalman 

Filter Fail” Ind. & Eng. Chem. Res. 52, p. 3354
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Select 𝑷(0) Correctly 
´ From: L𝑥,, L𝑥-, L𝑥. = 0, 0, 4 !!! & 𝑃% = 𝑑𝑖𝑎𝑔 0.5-, 0.5-, 0.5-

´ TO: L𝑥,, L𝑥-, L𝑥. = 0, 0, 4 !!! & 𝑃% = 𝑑𝑖𝑎𝑔 0.5-, 0.05-, 4-

´ ;𝑥/ = 4 ± 16.04 but 𝑥$ = 0 è NOW OK
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True Values: 𝑥$, 𝑥%, 𝑥& = 0.5, 0.05, 0.0
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1000 Simulations with 2 𝑷 0 s
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The 𝑷 0 Value is Important
If in Doubt, Select a Larger Value.



© Christos. Georgakis

Estimation Error vs. Initial Error
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×10'(

Same Can Be Said about the 𝑸 Matrix
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KFs or EKFs: What Holds You Back? 

´ Do You have a Knowledge-Driven Model ?
´ If YES, Use a KF or EKF
´ If NOT, then What?

´ Develop a Data-Driven Model 
´ Using ML or “Deep” Learning

´ Use Design of Dynamic Experiments (DoDE)
´ Georgakis (2013) I&ECR.

´ Use Dynamic Response Methodology (DRSM)
´ Klebanov & Georgakis (2016) I&ECR.
´ More Publications with Pfizer and Merck Colleagues. 
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Thank You Very Much for Your Attention


